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motion,7 were observed. The vortex wake expanded for oscillation
frequencies less than the Kármán frequency, whereas it contracted
for frequencies greater than the Kármán frequency. The longitudi-
nal spacing decreased significantly with increasing oscillation fre-
quency and changed to a much lesser degree with an increase in
the oscillation amplitude. In contrast, the lateral spacing of the shed
vortices showed a relatively weaker dependence on the rotary os-
cillation. Further experiments on the vortex strength and formation
are needed to better understand the characteristics of the various
synchronized wake patterns.
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I. Introduction

T HIN shell structures, whether isotropic or composite, are seen
in a wide variety of applications. In many situations the pri-

mary consideration is that of buckling of shell structures, particularly
because of distributed (pressure) loads and point loads. An interest-
ing, and perhaps common, phenomenon seen experimentally1 is
the onset of snap-through well below the limit load for force con-
trolled tests. Pre-limit-point behavior is discussed analytically by
Thompson and Hunt,2 Simitses,3 and by Pi and Trahair4 for isotropic
structures, but is often overlooked in many analyses. More recently,
pre-limit-point buckling was identified for thermally loaded multi-
layer shell segments by Rutgerson and Bottega.5

In the present Note, buckling behavior of multilayer shallow
shell segments subjected to external pressure is considered for
plane-strain (long panel)/plain-stress (shallow arch) configurations
with either clamped-fixed or pinned-fixed support conditions. The
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mathematical model, mixed formulation, and solution techniques
presented and employed in Ref. 5 are applied to the present prob-
lem. It is shown that critical behavior, in the form of pre-limit-point
snap-through buckling, is a function of a length ratio and a stiffness
ratio of the composite structure. It is seen from numerical simula-
tions that when snap-through buckling occurs it occurs below the
limit load, often at values well below those that would be predicted
from the limit point and that such behavior is pervasive.

II. Problem Statement
Consider the multilayer shell shown in Fig. 1. The structure will

be considered to be composed of n layers, with the innermost layer
of the composite shell denoted as layer 1 and the outermost layer as
layer n. A convenient surface, say the interface between two layers
or the geometric center of the structure, is used as the reference
surface, and all length scales are normalized with respect to the
dimensional radius of the undeformed reference surface. In doing
so, the structure is described by the angular coordinate θ measured
from the center of the span, and the half-length of the structure is
defined by the angle φ∗. The structure is thus defined over the domain
−φ∗ ≤ θ ≤ φ∗. A shallow shell theory is used as the mathematical
model for each layer.5

The problem is stated in a mixed formulation in terms of the (nor-
malized) radial displacement w(θ ) (positive toward center of curva-
ture) and the (normalized) resultant membrane force N̂ (positive in
compression). The equations and boundary conditions of Ref. 5 are
applied to the present problem and are presented here. Hence,

w′′′′ + (2 + N̂ )w′′ + w = p̂ − (1 − ρ∗)N̂ , θ ∈ [0, φ∗] (1a)

N̂ ′ = 0, θ ∈ [0, φ∗] (1b)

w′(0) = 0 (2a)

[w′′′ + (1 + N̂ )w′]θ = 0 = 0 (2b)

w(φ∗) = 0 (2c)

w′(φ∗) = 0 (2d1)

or

[w′′ + w]θ = φ∗ = 0 (2d2)

where a superposed prime indicates total differentiation with re-
spect to θ . Further, p̂ is the nondimensional pressure and N̂ is

a)

b)

Fig. 1 Multilayer shell: a) pinned-fixed supports and b) clamped-fixed
supports.
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the nondimensional membrane force. They are respectively defined
in terms of their dimensional counterparts p̄ and N̄ ∗ by the relations

p̂ ≡ p/D∗ = (
p̄ R̄2

/
D̄1

)/
D∗ (3a)

N̂ ≡ −N ∗/D∗ = −(
N̄ ∗ R̄2

/
D̄1

)/
D∗ (3b)

where D∗ is a nondimensional composite stiffness,5 ρ∗(�1) is a
stiffness ratio,5 R̄ is the dimensional radius of the reference surface,
and D̄1 is the dimensional bending stiffness of the innermost layer.
The corresponding constitutive relations and definitions of stiffness
parameters are omitted here for brevity but can be found in Ref. 5.

Integration of the constitutive relation for the membrane force5

over [0, φ∗] and applying the boundary conditions associated with
the circumferential deflection at the centroidal surface5 gives the
integrability condition

−N̂φ∗

C∗/D∗ + (1 − ρ∗)

∫ φ∗

0

w dθ − 1

2

∫ φ∗

0

w′2 dθ = 0 (4)

where the parameters C∗ and D∗ correspond to stiffnesses of the
composite structure as defined in Ref. 5. Equations (1–4) define
the mixed formulation in terms of the transverse deflection w(θ )
and the uniform resultant membrane force N̂ . As ρ∗ � 1, it can
be seen that the material parameters effectively enter the problem
through the ratio C∗/D∗ in the integrability condition. The formu-
lation and normalization employed is therefore seen to provide a
universal statement of the problem in that the equations, and hence
the corresponding results are effectively the same for monolayer
structures, bilayer structures, and multilayer structures having the
same stiffness ratio.

III. Analysis
Equations (1a) and (b) together with boundary conditions (2a–2d)

are solved analytically giving the solution for the radial displacement
in the form5

w(θ) = Q̂W (θ; N̂ ) = Q̂[G(θ; N̂ )/F0(φ
∗; N̂ ) + 1] (5)

where

Q̂ = p̂ − (1 − ρ∗)N̂ ≈ p̂ − N̂ (6)

The specific forms of the functions G and F0 depend on the boundary
conditions and can be found in Ref. 5, for both clamped-fixed and
pinned-fixed support conditions.

Stability of an equilibrium configuration is assessed by examina-
tion of the second variation of the total potential energy of the system
for arbitrary perturbations. It is shown in Ref. 5 that assessing sta-
bility of an equilibrium configuration reduces to consideration of
the positive definiteness of the stability function F∗, defined by the
relation

F∗ = F∗(N0) ≡
∫ φ∗

0

D∗

2N̂0

[W ′′(θ; N̂0) + W (θ; N̂0)]
2 dθ

− 1

2

∫ φ∗

0

W ′2(θ; N̂0) dθ (7)

where N̂0 represents the particular value of the membrane force N̂
at the equilibrium configuration in question. The stability criterion
thus takes the following form:

An equilibrium configuration is stable if F∗ > 0 (8)

It is unstable otherwise.
Substitution of the solution (5), for the particular boundary con-

ditions of interest, into Eq. (4) and carrying through the indicated
operations results in a transcendental equation for the membrane
force N̂ as a function of the applied pressure p̂ for given values
of the stiffness ratio C∗/D∗ and the half-length φ∗. This equa-
tion can then be solved numerically, using root solving techniques,

a)

b)

c)

Fig. 2 Behavior of structure with clamped-fixed supports (φ∗ = 0.15,
C∗/D∗ = 2 ×× 106): a) roots of integrability condition, b) applied pressure
vs transverse centerspan deflection, and c) stability function vs applied
pressure.
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yielding values of the membrane force associated with equilibrium
configurations of the deforming structure. When multiple roots are
found for a given value of the applied pressure, stability of the cor-
responding equilibrium configurations will be assessed using the
criterion (8).

From the corresponding discussion of Ref. 5, the critical mem-
brane force and critical pressure are found as the roots of vanishing
F0 and simultaneous vanishing of F0 and Q̂, respectively. Hence,

F0(N̂ ; φ∗) = 0 ⇒ N̂cr (9)

where N̂cr corresponds to the lowest roots of Eq. (8) and is designated
as the critical membrane force, and

F0 = 0, Q̂ = 0 ⇒ p̂cr = (1 − ρ∗)N̂cr ≈ N̂cr (10)

where p̂cr is designated as the critical pressure. With the exception of
the half-length of the span, the critical normalized membrane force
is seen to be independent of the material and geometric properties of
the structure. This is seen to (effectively) be the case for the critical
pressure as well.

IV. Results
Representative results of numerical simulations, based on the an-

alytical solutions discussed in Sec. III, are presented for clamped-
fixed support conditions. Results for pinned-fixed support condi-
tions show similar critical behavior and are omitted for brevity.
Roots of the explicit form of the integrability condition (4) are found
numerically via a hybrid method composed of an incremental step-
based root finding algorithm and the bisection technique. Stability is
then assessed using the criterion established earlier. In what follows,
the transverse centerspan deflection is identified as the characteristic
deflection and is denoted as w0. Thus, w0 ≡ w(0).

Sample results are presented in Figs. 2a and 2b for a rep-
resentative structure of half-length φ∗ = 0.15 and stiffness ratio
C∗/D∗ = 2 × 106. The roots of the integrability condition (4) for this
case are displayed as a function of the applied pressure in Fig. 2a,
where the first three branches associated with the first three roots
are identified and numbered sequentially. It can be observed that the
first two branches cross at the point labeled A and that this occurs
when N̂ = N̂cr and p̂ = p̂cr as defined at the end of the preceding
section. The crossing implies that, at this point, two equilibrium
configurations are associated with this value of the membrane force
(root of the integrability condition). The two equilibrium config-
urations associated with points A of the branch crossing are also

a) b)

Fig. 3 Dependence of branch crossing on stiffness ratio (clamped-fixed supports, φ∗ = 0.10): a) C∗/D∗ = 2 ×× 106 and b) C∗/D∗ = 5 ×× 105.

indicated on the corresponding load-deflection path displayed in
Fig. 2b. On the basis of the stability criterion defined by Eq. (8), it
is found that the equilibrium configurations associated with the first
branch are stable upon initial loading but become unstable after the
applied pressure reaches the critical value associated with point A.
It is also found that the equilibrium configurations associated with
the second branch become stable beyond this pressure level, having
been unstable for pressures below the critical value (see Fig. 2c).
Thus, the results imply that when p̂ = p̂cr the structure undergoes
snap-through buckling to the corresponding deflection indicated by
point A on branch 2 of the load-deflection path (Fig. 2b). It is seen
that such buckling occurs well below the limit load for this case.
(Such behavior was observed in the experiments of Marshall et al.1

for an isotropic shell under slightly different conditions.)
The existence of prelimit point snap-through buckling is seen to

be a function of the geometrical and material properties of the struc-
ture. In particular, pre-limit-point snap-through is a function of the
stiffness ratio C∗/D∗ and the span half-length φ∗. Plots of the roots
of the integrability condition for two structures of the same length
(φ∗ = 0.10), but with differing stiffness ratios (C∗/D∗ = 2 × 106

and C∗/D∗ = 5 × 105), are compared in Fig. 3. The first plot shows
root crossing, indicating pre-limit-point buckling, whereas the sec-
ond plot does not. A continuous variation of the stiffness ratio (not
presented) shows a continuous variation of trend between these two
states, characterized by a monotonic decrease of area of the loop
compared with the area under the crossing. Correspondingly, when
the branch crossing (point A) disappears so does the peak in the
load-deflection curve. In this event, it is observed that the associ-
ated portion of the equilibrium path becomes effectively flat imply-
ing incremental static buckling. Thus, in the strict sense for the class
of laminated shallow shell structures considered the presence of a
peak or limit load implies the possibility of snap-through buckling.
However, for the cases considered snap-though was observed to al-
ways occur before the limit load was achieved. Similar trends are
found when the span length is varied while fixing the stiffness ratio
(C∗/D∗ = 2 × 106). In this regard, a comparison of load-deflection
curves the critical point A is shown for various span lengths in Fig. 4.

V. Summary
The response of single- and multilayer shallow shells in plane

stress/plane strain configurations has been studied for structures
subjected to radial pressure applied to the outer surface of the shell.
A stability criterion based on the second variation of the total po-
tential energy was established, critical parameters identified, and
closed-form analytical solutions to the nonlinear problem obtained.
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Fig. 4 Load-deflection paths for various (half) span lengths, showing dependence of critical pressure (clamped-fixed supports, C∗/D∗ = 2 ×× 106).

Numerical simulations, based on these analytical solutions, were
performed and a stability analysis based on the aforementioned cri-
terion was applied for various representative structures. Crossing of
the first two branches corresponding to the roots (membrane forces)
of the integrability condition was seen to be associated with critical
behavior of the structure. In all cases it was seen that snap-through
buckling occurred if the load-deflection path for the given point
possessed a limit point. However, in all cases, such snap-through
behavior was seen to occur below and typically well below the limit
load. This pre-limit-point snap-through buckling was seen to be
pervasive for the class of structures considered, whether single- or
multilayer, having significant implications concerning conventional
(limit-point) criteria with regard to buckling of shell structures under
force controlled loading.
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